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ESTIMATED LIFT-DRAG RATIOS AT
SUPERSONIC SPEED
By HRobert T. Jones

SUMMARY

Recent developments in supersoric flow theory are applied
to obtaln estimates of the lift-dreg rotios thet moy be
achieved by aircraft employing swept-back wings. Lift-dreg
ratlos greabter then 10 tc 1 can be maintalned up %o a Hech
number of 1.4 by thé use of large engles of sweep end high
aspect . .ratios. As the speed lncreasses in the supersonic range
the attainable 1Lift-drag ratios decresse and the gein due %o
sweepback also appeers to diminish. An efficiens configuration
for M= 1.4 would require sbout 60° sweepback, an aspect
ratio of U and a wing loading of one-third the atmospheric
bressure. For a wing loading of 50 pounds per gquare foot the
crulsing altitude would be 60,000 feet and the indicated
alrspeed 290 miles per hour. ' .

INTRODUCTION

The work required to propel an airplane a given distance
in stecdy fllght is equel to ite weilght times the distance
travelled divided by the 1ift-drag ratio of the airplane.

Hence the fuel expenditure per mile of filight need nst lncrease
with speed so long as the 1ift-drog rotlo of the sirplane con
be meintained. However, with present shapos a prohibltive

logs of lift-drag ratio occurs on pressing beyond the speed of
sound and 1t is evident that a radicnl chnnge in configurstion
wlll be necessary for efficient flight ot higher speeds.

The problem of an efficient configuration.for flight at
supersonlic speeds vas investigeted by Busemonn in 1935
(reference 1). Busemnn concluded thet en lmprovemsnt in the
kift—-drag ratio at supersonic speeds could be obtnined by
sweeping the wing back ot an angle just sheand of the Moch
cone, but falled to recognize the relatively auch greater
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efficiencies obtainable when- the wing is swept back benind
the Mach cone. The change in the type of flov when the wilng
lies inside the Mach cone, and the -resulting increase in
efficiency have been broucht out in reference 2. However,
both reference 1 and reference 2 are restricted to considera-
tions of two-dimensional flow and hence aspect-ratio effects
could not be determined. Recent developments in aerodynamlc
theory heve overcome this difficulty, maeking 1t poesible to
estimate the 1ift-drag ratilo obtainable with practical
configurations.

The present report applles these new theoretical resulte
to obtain estimates of the lift-drag ratioe that may be

" achieved with an efficient aircraft at. supersonic speeds.
The estimates are all based on the theory of small disturb-

anceg, first because this is the only edequete tneory
available, and second because it is reasoned that an alrcraft
producing a large disturbance in the external flow would be .

w——inherently inefflicient.

At very high ¥ach numbers even thin bodlies and small
angles of attack cauge relatively lerg e pressure Gisturb- -
ances and consequent heating of the fluid. Here the heating
effect of friction becomes no longer negligible. (Such
conditions are likely %o be encountered by roclkets; however,
in these cases the efficlency of gteady flight mey not be of
primary concern.) The present anslysis is therefore limlted
to more moderate speeds where the efficiency in steady ;1igh+
ig of primary importance and vhere 1t 1s evident that such
efflclency can be achleved by Lnovn means.

FUNDAudNTAd RELATIOWD FOR WING LOADING,

ALTITUDE AND HAXIFUI LIFT-DRAG RATIOC

The 1ift-drag ratio of a2 conventional ocirplene depends
primarily on its external configuration and on the angle of
attack and does not vary greetly with speed prov*ded.the
correct relation between wing loading end altitude is main-
talned. For maximum efficiency the airplane should be
flown at that 1ift coefficlent CLgopt for vhich lift-Grag

ratio 1s a maximum. An increase in speed, then, necessit~tes

an increase in altitude, since with Tixed 1ift coefficienu
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(For o complete list of symbols see appendix.)

-,5,%=/§a (1)

vhere the subscript o refers to conditions at sea level.

With lift-drag ratlo fixed, higher speed does not involve
any increase in the thrust required for level flight; thils
thrust is sipply

T=m .(2)

If the propulsive efficiency of the engine dozs not drop off
with altitude, the incrense in gspeed will thus be accomplished
without eny increase ln the fuel consumption per mile of
flight. Furthermore, the lncrease in sgpeed is not accompanied
by any significant chaenge in the air loads or pressures on the
alrplane and hence no increrse in structural stiffness 1is
required. An obvious advantage of this method of increasing
the crulsing speed is that 1t does not interfere with the
abllity of the alrplane to slow down at lower elititudes and
land on short runwoys. A more complete discussion of these
foctors will be found 1in reference 3.

‘The altltude and specd of the airplane, of course, cannot
be increased indefinitely ot consinnt thrust, since eventually
a critical Mach number will bc oxceeded and the lift-—-dreg
ratio of the ailrplane will begin to decrease. The limiting
gpeed and the corregponding altitudc may be determined from
the relations

V = Mya - (3)
and . ‘ o .
¥/S _. ' :

v = CLopt . ()

where Mi: 1s the Mach number at which, for OL = CLgpt:
the drag begins to rise abruptly, -a is the veloclty of sound
and W/S 1s the wing loading. )
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Equations (3) and (4) may be combined in the form

w/s

LUV S ? GLOpt MJ. (5)

' where

P atmospheric pressure at altitude
w' retlo of speclfic heats faor air (l.¢)

Equatlion (5) givns the relatlon beltireen wing 1oad.ng and
atmospherlc pressure for maximum spééd vithout loss of aero-—
dynemic efficiency. This condition can "herdly be attained at
lowr altitudes since with an atmospheric Pressure -0of 20Q0 pounds
per square foolt, for Iz = 0.75 ’‘and the usuel values of CLo pt!
the wing loading required wrould be oI the order of UOO pounds
per square foot. At 60,000 feet, however, the required wing -
loeding workg out to be thse more practical value of 3Q pounas
per square foot.

Leter calculetlions will show thet simllar considerations
apply to supersonic sircraft; thet isg, the best Lift-drag
retlios sre obtalned when the wing loading is ‘an appreciable
frecticn of the atmospheric pressure. i

At subgonic sgpeeds it les customary to divide the drag into
tro parts, one the result of friction (including the friction
drag of the fuselage) and the other = thé induced drag — the
result of. the 1ift. The friction drag is considered nearly
independent of the_angle of attack. Thus

CD = CDo + ODy_ - (6}

vhere Cpg ig the drsg at zero 11f%t, snd for subsonic flow
equals Cprp, the frictlon drsag. If the veloclity and pressure.
disturbences produced by the airplane are small, the drag )
eriging from the 1ift will be setisfactorily represented by
the well~known formulae

T %

Cpny = -y A7)
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or

- &K . ()

C:JQ
g
[

and the friction drag will be nearly independent of the angle
of attack. The l1ift-drag ratio at any angle is then

Cr, _ .
= ThorObL )

e

Solving for the 1ift coefficient at meximum lift-drag ratio
results. in

Cp,. '
SLopt = /57007 (10)
and therefore
L 1 1 T
= = - ‘ 11
(D)max E-J/gDO(CDi/CLz} N .( )

In calculating lift-drag retio for supersonlc speed the
drag may agein be divided into tw¢o components, one inde-~
rendent of the 1ift and one proportionel to the gqueare of the
1ift coefficient, Howevcr, in this case the drag at zero 1ift
inciudes a pressurse drag which veries wlth the thicliness of
the body ©* wing. Also, at supergonic speeds, the drag due
to 1ift can no longer proverly be called "induced dreg." At
subsonic speeds the drag erising from the 1lift can be traced
to the influence of the trailing vortex wake on the wing. —
hencé the designation %induced.T At supersonic specds,
however, the forward influence of the weke usuelly constitutes
only a small prart of the drag arising from the 1ift and hence
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the term "induced drag' does not ‘seem appropriats, Differeat
divisions of the drag due to lift ihto comionents of wave :
dreg and induced drsg have been 3rooosed, but the pros>ortions
allotted in any porticular case depcnd oh the méthcd of calcu-
lation employed. In the present report the drog Ye celculnted
by integrating the pressure distribution in the nt*xhborﬁood
of the body and in thie case 'OGpy eppears simply as o - -

pressure drag proportional to. the sguare of the 1ifst coc*fi—
clent. .The subscript 1 1is retzsined to idcntify the law of
variation with that of the 1naucet &rag a2t subeonic speecds,.

Then, for compariaon with th( subsonic case, we mey write
-ﬂ 3
TN LT 'J

ST e (.Mbk

-

Cbo = ch + GDt

where CDs 1is the total friction drag, and Ot . the totel
thickness dreg, due to wing and fuselege. The factor
CD1/0L3 beers no simple rcletion to the aspect ratio as 1t
¢s 1n the subsonic case, but is a complex fuanction of the
wing plan form and load distrioution. _ .

Uith the velues of 'Cp, and GD1/CL , revised for 8UDOT-—
sonic conditions, eouetions (10) snd (11) for the ontirmun 1Aft
coefficient and meximum velue of the lift-drag retio remain
valid., Meximum L/D is obtained: when thb drah'ouﬁ to lif“ is
equal to the dreg at zero lire., . : R T T TP

DRAZ AT ZERO LIFT . -
Thickness D“sg-or Wings

The thickness drag. of the winn mey be celculated . bty the
"methods of refcrence 4 or 5. Ficure 1 shows the faristion of
thickness drag with Mach numboer coleuleotod bv tho method of .
reference 5 for sz reéctaneulzr. wing and for sovePnl evient-
back wings. In these cosecs the airfoil 13 oT symdet”icrl
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biconvex gection 5 percent thick. The résults for .tho
swept-back airfolls were obtsined from referecnce &, Tine
curve for the rectangular eirfoil is the same as that given
for the infinite wing by the Ackeret bheory sinces, as has
been demonstratea v J. N. Nielgen in an unpublished appli-
cation! of the ssme method, the inte egreted ef £ffect of remevinz
éutboard partions of the wing on the drag of the remsindor of
the wing is zero, at leesst so long =& tae Hach cone from aoch
tip doea not intbrsect the ovjosite ti3, The thiclness drw,
ccefficient of the rectangular sirfoil is therefore. consts:
when

: ] oL
AVETS 1 ’K..-;le
| | T
where - oo Ao D
ﬁ @v ?Yi‘l.t:i -
A aspect retio e
_ AGHR! 7!
When the wing is swept well behind the Hach cone the -
flow over most of tke wing is of the subsonic type. (see

reference 2.) The pressure dreg is sncll and mey be
attributed to departures from the subsonic tyrpe of flow in
the reglon of the roat section. In this condition the

outboerd sectlions of the wing have little or no drag, and ’.!.—;

hence the dreg coefficicnt is inver ergsely proportiocnal vo the - i
agpect ratio. At higher gpecds, when the Mech sngle ‘““ﬁ‘xﬁf
apnroaches the leading-odge e_ngle the distribution of drag "
changes and the dreg coefficient ipcrcasés rapidly, pertic-

ularly on the outboard secctions. If the leading cdge is 0
too near the Mach cone, the drag of the swept wing will i
exceed that of the strelisht wing., T

Figure 2 shows & plot similsr to fi*ure 1 of the
variation of drag with Machk number for tane-ed SW”pt—b&OF
sairfoils. These results were obtained by K. Harzolis of
Langley Femorial Aeronmutical Laborator:r using the method
of reference 5. An extensive series of calculations for
tapered wings has been given recently by Stewrrt and Puc;ctt
(reference 7). 1In order to simnl*fv the calculstions &
double-wedge scttion waoe assumed, though it is not to be

1Date on file at Anes Laboraﬁorx.
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supposed that such a sectlon would be dealrable in practice.
Here the sngle of sweepback (6Q°) is that of the midchor 3

---. line of the airfoils, which is also thc line of maximum thick-

. ness. The sharp rises in dreg coefficlent ncer H = 1.52 end.

¥ = 1.71 occur when the lach angle appreacheos the angle of
the trailing edge. Evidently all generators of thce wing
surface must lie behind the Uach lines to insurc favorablo
drag velues.

According to the thin sirfoll theory thoe calculated flow

- for a given slirfoll plan form and Hech number wlill sctually
be similar to the flow over another plan form at a difforint
Mach number, provided the two plan forms ere orlemted similarly
~ T wWith respect to the corresponding Hachk lines. This relation
- may be preserved by changing the x coordinates of the plen

form (fig. 3) in the proportion thnat the x coordinestes of

the Mech lines are chenged, thet is, as V¥ -1. For plan forms

having slmilar flow jpatterns the ratic _

- cot leading-edee sngle | .

The aspect ratio will then very with Mach number according to

A JFZ-T = constent (12)

and thin eairfoill theory shows that thc drag cocfficient will
be proportional to o ; ST :

- (6/0)?
o 1B=1

=
-
e

or

—— e e - — HENE PRI 1

Cpy #ER-I g (t/c)? f'_ — ., o _5(13) '

Pl

where t/c¢ 1ig .the thickness—chond ratic messurcd in thc strcam
direction. Figure Y4 shows the coefficicnt—

CDt Vlfz-—-l
{ E?c ’5
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plotted against m for the congtant—chord biconvex airfoils.'

F“iction Prag of Jiqg

In general the frictilon drag of the wing will be of the
same order of magnitLqe as thae thickness- draz. A&t very high
speeds a considerable amount of hea% is gensrated in the :
boundary layer and the resultant temperature veriastlan affects
the magnitude of the skin frlectlon. For moderate supersonle
speede, however, the heating effect 1s not large and the normal
relation of sxin friction to qeyrolds number will no% be
greauly modified.

For present purposéé a conegervative value of CD = 0.006

corresponding to 2 turbulent boundary laver at a Reynolds
number of 107 hes bean used.

Drag of Fusslage

A method for calculating the wave drag of a glender
fugelage at supersonic speeds was glven bl von Karmen in 1935
(reference &). Thig method was spplied in roference ¢ to a

Aseries of bodies of parabolic src shape and estimetes of the
friction drag added %o obtain tobtal drag. More recently the
caloculations of Haack (refsrance 10}, Sears (reference 11),
and Lighthill (reference, 12) nave become avellable. Thesc
investigatores apply Karman's method to tns determination of
body forms having a minimum wave drag for cerbaln conditionse.
The minimum problem is solved Tor %thres cases: viz, I, given
volume and given length; II, ziven length and given diameter;
end I1I, given diametler and.’ given volume., )

The following equations may be obtalned® from Haack's
report (reference 10}. Tha lengti: 1 is so chosen that the
body lies between +1 and -1 on the x—-axis; r/ro 'is the
radius at any stetion in fterms of the maximum radius rg and
a 1ig the frontel zrea Tmrg®. The voluxe is given in terms
of the volume aof the circumscribed cylinder, and the drag
cosfficlent, which docgs not include friction, is given in

“The formulaas glven as the final relations in the report are
in error. However, the correct reletione cen eaglly be
derived from the praceding equationg.
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terms of the frontal area. The factor d&/1 is the fineness

Yatio, diameter/length.

—— -Case I: ' Given length, given volume

(ZY = (/i=2) ]

- . .To

) - 3 4
Volume =.-2- 1L v (1L)
TR To

=g (97

Cese II: Given length, given dlamcter

2
> ) = f1-%B — x=2coesih™+ =3
To. X -

Volumo ﬁ% 1 mry? - (15)

o= (97

Casc III: Given diemeter, given volume =~

- (}%)a = 3/I—x® - 2(JI=3%7)% -~ 3xBcosut =

Volume = -g- 1 'l'l':lf'o2 _ Y (16)

_ 3 P /9..2
Cp = 3™ (3)

4

Figurc 5 shows the body shepcs computed from t_hcsc'- formql-:.e.
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Although the wave drag "dimjnishtes wilth .increasing slaen-—
cerness, the friction drag for a glven volume or a given
cross séction tends to increass-becausc -of the grester
surface arce., With usual values of -the friction coefficient
e favorable balance betwecn the two compoaents reguireas such
s slender body that in most casces the dimensione will asctually
be governed by the minimum cllowsble .c¢ross sectiori. For a
slender body the surface arda ond-hence the friction drag ™
associated with a given ordss section ie proportional to t/d,
while the wave drag ie proportionel to (a/t? ‘It follows
that the total drag will be o minimum when the slenderness
ratio ig such that the friction dreg is twice the wave dreg.

It. will be noted thet the body shape for case I =actually
- hes very Little more drag then the case. . IX1 body of the samc
dlamcter, and since body "I hes a greater uscful volume, it
seems a.logical choicc for practical design. Figure &’ shows
the wave dreg for cese I and also ths total dr:g, besed on a
skin-friction coefficient of 0.0021, as 4. funetion of the -
fineness ratio. Thne velue of this friction coefficicnt was
obteined from roference 13, and corrdsponds to a fully turbu-
lent boundary leyer and =z “eynolds nunber of 10°. With this
friection coefficicnt the optimum finenoes ratio is aboub 16
to l.

DRAG DUE TO ILIFT

The drag due to 1ift ie ostimetcd from theoreiticel
solutions for the sumnersonic flow over thin 1ifting surfeocos.
Theorctiecal solutions sre known for ccecgé in which the
lifting surface ig curved and twistad in such a wey asg to

support a uniform load (refcrence 1) =nd, for certain
rectengulsar, trirngulear, or tapocred fleat surfaccs (references
14 and 15).

Uniformly Losded Surface

. _The solution for the uniformly loaded surface nay be
cderived- by mcthods similer to those described in refersnce 5
for the nonlifiting zirfoill. In that report the pressure due
to thickness on an airfoil obliguec %o the stream was obtained
by superposing the effects of obligue line sources in the
acceleration potentlisl ficld. The effect of a line source is
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to caugse a deflection of the stream linece crogsing the source
like the deflection cesused by a thin wedge-shaped body; thet
is, the line eource is followed by an ares over which tThe
vertical velocity w is constant and of opposite sign ebove
and below the chord planc. o :

Similarly, an obliquc vortex gives rise to s constant

. _Qdifference in the horizontal velocity incremcnt. u, and tahere-

fore in the pressure, above and below the plane of flow crogs-—
ing the vortex. Thc corresponding w for a semi-infinite

——vortex is given by

Bu — -1 x!' -1 X
w _F%% CJl m= cosh e cosh el (17)

where x!' = x — ny and ]y'| denotes the absolutc valuc of
v — mx . (Pho geometry of the figure has becn adjusted, #s
described in the preceding section and refercnce 5, to
corraspond to the caege in which tho Hanh.anglb_is'&5°; thet 18,
VEEID = 1.) - ’

The shape of the surface and the conatent »ressure arc
related to the velocity increments by the following formulos:

éz _ W . -
Cr At . (18)
and
Ap _ 2u ' :
==& (19)

Thus the camber of a triangular alrfoil sacpoed to support o -
uniform loed (fig. 7) mey be obbtainced by superlmposing two
oblique vortices to form & -V coinciding with the lceding =
edge of the trisnglc. Intesgration of cquation (17) for this
cese ylelds: . _ ' o o S
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»
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e

-2 <%_¢osh“l —%—-fJ X< + 35)

where

X' = X + oy and y! = ¥ + mx, ‘v

. To obtein a 1iftince surfoce of finite chord 1t Le rnxzcegsary
to introfuce a negative V-ghoped vortex ot thse desired chord
length downetresm. (See fig. B.) Tuarough the use of g finite
numbexr of strailght vortesx sezments any »lean Torm bounded by
etraight lines can be obisined.

The variatlion of w over the srea enclosed by the
vortex segmente not only zives the camber and tvist of the
purface reguired to. suvvorf a yniform load, buf algo can be
used to calculate the drag-arieinz from the 11TE., It can be
seen Thalt, since thd nresgures distribuvion is uniform over
the section, the resultant foree w11l lle in a direction a¥b
right angles to the choré l1ine, or the line Jolning the
leading and trailing edge, regardless of the camrber of the
surface. Hence tne encle of attsck of the chord line at any
sgection Times the 1ift xives the drsg Gus to 1ift at that
eection. ' )

In case the leading edge of the airfoll ie shead of the
H#ach cone the uniformly loaded surfece ig flat over »ortions
of the wing not influenced by the roct or the ti1», asg ls given -
by the Ackeret theory. More interesting csees ere thosge 1in
whieh fthe leading “uwdges sre swont behind the Mach cone.

In the cerse of the swept-back »ing it is found that the
angle of attack hesg a logarithmic infinity at the center
gection. Eence the ving vould require an infinite twiet bo
maintain the uniform load ecross thie section. At a dligFance
from the center asection the eghave of the lifting surface
recerbles that of the femillier "conetant load mean line! urged
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for subeonic alrfoils. The twlat and hence the section drsg
dlsappear rapldly with distance from the eenter section.
There ig congequently a nmarked reduction sf drag coefficient
wlth increasing aspect ratlo, Just as in the case of the drag
due to thickness.

The infinite twist required at the root section, of
course, makes the censtrucktion .of such s wing impractical.
We may conclude that in & practicsl wingy there will be some
falling off of the 1ift across the center section, and calcu-
lations of the 1ift distribubtion Tor flaet surfaces show such
———g logse. The uniformly loaded alrfoll gives a useful plcture
of the variastion of drag wita plan form, hovever. In aplite of
the fact that the local &rag goefficlent et the root secilon
tends towerd infinisy, the integraied or over-all drag »
coefficient of the siept-hspk ving is finite and at reasonable
aspect ratios is considergbly lowsr thnan that of the flat
unswept wing. .

Figure 9 shows the coefflcisnt of drag due to 1ALt
Cp1/C1# for a series of uniformly losded alrisils having s
congtant chord end verying degrees. of sireep. To aimplify the
calculations, an spovroximstien vags made for the é€ffect of the
_ . wWing tin. With the tip cut off parallel tc the direction of.
fliphkt a large twiet ould theoreticelly have been required to
maeintain the uniform load right out to the tip. Instead of
~calculating. this addltionel twist at the tip, the sheape of the
infinite wing with unifor: load wae agsumed vithout modifica-
tion and a loas in 1ift within the ¥#ach cone originsting at
each tip was taken into account. Since the 1ift will have the
full value along the boundexry of the cone and *rill Tall %o
zero at the tip, an average value of half the full load was
used over this region. Since the effeéct of thils apuwroximation
to a tip effect on the total draz value vas small, sny error
involved in the approximation must also be small. If the tip
- were cut off along the Mach lines, slightly lower velues of

Cp4/C1 Wwould have been obteinéd.

Figure ¢ shova that the vaiues of. Cp /3 at super—
gsonic speed are in general higher then the value corresponding
to the game aspect ratio at subsonlc speed bubt approech this
value as the angle of sweep is irndreased (i.e., es n>0).

The practical difficulty of wmalintaining a glilven aspect ratio
of course increases 28 the angle of sween 1s lincreased.
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Flsat Lifting Surfaces
Rectangulsy plar form.- For a flat rectangular wing of
Infinite aspect ratlio the Acikeret theory gives

oCr u. (21)
da T JEEL
Since the 1ift is at right angles to the chord,
, (22)
cDi = GL X o
and
C
1 Di _ o3
FET G T 0.25 _ (23)

‘At & Mach number of 1.4 this vslue is nearly five times the

drag due to 1ift of a subsonic sirfoil of samect ratio 6.

If the wing has a finite aspect ratlo there willl be a
reduction of 1ift at the tlip and a conseguent reduction in
3CL./da- from the value given oy equation (21). The digstri-
bution of 1ift over the t11 of a flat rec angular .wing has
been calculated by Busemann (refesrence 14). The 1ift over the
portion of the wing beteer the %ip Mech cones (fig. 10) is
constant -ané ecual to-that glven by the Ackeret theory.

Within either tip cone the 1ift pressure falls from thils value
to zero at the tip. If y/xX represents the fractionsl
distance from vhe tlp torard the MHech line at a given chord-
wise posgition, then the 1ift preasure varies according to

the funcilon

coB (i - 2 _ (2h)

»
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Superpcsling the effects of the two tip cones where they
overlap and integrating the pressure over the whole wing glves
for the 11ft coefficient ) ' ' .

— o o AVEET (25)

and for the drsg due to 1ift

1 (. _agET (26)
112-1 \CL,?2. LAVTER-T -2

Bugemann's solution is valid for A ~M3Z1 > 1.0, thet is,

so long as the Mach cone from one tip does not cross over the
opposite tip. It is interesting to note thaot then AVM3-1=1.0
the 117t falls to zero along the- ~*hole tralliing edge and the
span load distribution.is ellipticnd, as showm in reference 16
for oirfolls of _very low aspect ratlo.

Trilenguler plen form.—~ Formulas for the 1ift distribution
and ¢Cy,,&a for a flof triangulsar alrfoll Dehind the Mach
— ——-cone ha¥eé been given recently by Stevort (reference 15).
Stevart findz theat the 1ift distributlon ez predicted from
—— - -elementrry considerstions for very slender triangles (refer-
ence 16) sctuslly holds for pll leading—édge ecngles until the
leading edge touches the lMach cone. Stewart finds also

where E = E{/IT-m=) is the elllptlic integral.

In the cese of the flat surfcoce with the leading edge
behind the Mech cone, the chordwise 1ift distribution has an

-
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infinite vaiue at the leading edge just as it does in the
subsonlic cesge. Here the regultant force will be inclined
forward relative to the chord plane because of the suction
force at the leading edge.

The drag due to Lift for the flat triangular airfoil
was evaluated by setting up the complex etpressior for, ths .,
velocity field u and w By means of Busemann's method
(reference 14). The drag was then calculated from the

formula

. _fPu ¥ :
G?'TZGTT'X'V ds : (2s)

by integrating around s contour ¢ a short distance away
from the airfoil surface and enclosing the s*ngularity at

the leading edge. - The. resu‘t ia

1 Opy 2T -wI~ms (29)
MR -1 -CL 3 Lo .
A similar formule has been ﬁiven recentlv by Y. D. Hayes

(reference 17).

In this formule, the first term represeénts a drag equal
to the 1ift tlmes the angle of attack, and the second term
represents the thrust at the leading edze It is noted that
this letter term dlsappears progress &vely as the edze
approaches the Mach cone f{i.e., AVI~—I-—>l). A% the other
limiv, %the slender trianvle near th= center of the XHach cone,

Es 1, and

= (30)

Cpy 1
CLZ2 A
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as in reference 16. Although the theory shows a forward
thrust on the thin plate with a sharp edge, 1t is not to bhe
expected that this characteristic will be realized in »ractice
unless the leading edge is given a finite rnﬁius or cambe;.

- T Topered plan form.-— The theoretical 1ift disvrivution
for & flat unteapered swept-back wing with the loading edge

behind the Mach cone has not yet been determined. However the .

solution for thg flat triangular wing mey be readily eythaed
to include a speclal family of tepered wings. This extension
is based on the fact that an ares of the trianﬂular wing moy
be removed by making cuts along Mech linee without affecting
the flow over the aresa remaining ahead of the cuts. In
particuler, the removal of-such area will not. affect the
________ _suction force on the leading edge, as long as the arer rcmoved
does not include. eny of the 1eading edge so that the
coefficient of thrust will_be increased as aree is cut away.
Evidently the most efficient members of thls f» mily of olr-
folls ere thosé in which the maximum arec isg cut out of thoe
triangle, that is, the wing is tapered to a point. (Sce
figl ll) s T T ’ .

. With the Streiling edge fixed at thb ¥ach angle, tho angle
of teper and hence the aspect retio of thesc winos var*es with |
the angle of swecD in such mPnncr that

7

i a =B _ - (31)

—— a8 the leqqing edge pppronches the Mach conc n1->l O
and the espect rotio ¢ epproschcs infinity.

The lift-curve slope of these ailrfoils ls dotermined
—8imply by integrating the pressurc distribution for the
trisngular airfoll. over thb apﬁ;O?riEtC arcs. Tha calcule-
tion gives T - '

‘ﬂ::'_— 6CL lm 1 GOS—l (—m) +m J.’“l~m '('72)
Sc T /icms E 1+ m- § 1tm

~nd for the drag due to 1lift
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Lt

\0

1 Sy 3 A W
T JMEST onL® | JER-L ooy, 1-m Hrm - (33)

-

where N 1s the ratio of the lift-—curve slope of the
triangular alrfoll to theat of the teopered airfoil, that ig,”

= _{n/2)/I53 - | 3l
3 L cog 1 (m) 4 fiom S
1+m 1+m

Equations (31) through (34} apply to the case of the.
wing tepered to a point. In sumgonic flor guch extreme teoper
is knowvn to lead to high local 1ift coefficients over the
tip portlons and to the possibtility of tip egtolling even ot
moderate 1ift coefficlente. A& gimilar tendency is evident
at supersonlc speeds; in foct, the sectlon 1irt coefficients
tend tovard infinity at the pointed tip. Hence the extreme
taper gshould not be used in prectice and value of GDi/GLZ
colculeted for these cnges will te sgsomevhat ovntinistic.

Comparigon of Lift nnd Dr-g Volues Tor Flat Surfrces

Curves showilng the verlatlon of lLift-curve slope writh
¥ach number and aspect retio for the rectangular, trisngular,
and tapered airfolls are shovn in figure 12. At AJﬂ?Z%p g3
the lesding edge of the trianguler alrfoil touches the iech
cone and, as shovm by Puckett (reference 4), the 1ift charac-—
teristlcs =t higher aspect ratloa are identleal with those of
o rectangular alrfoll of infinite smaspect ratio.

The -drag due to 1ift versus aspect ratlo for the varlous
Tflat wings 1s ghown in figure 13. According to the Ackeret
theory : . :

1 9Py = & - (35)
£2~1 Cr,

[

and 1t ies to be noted thnt both the rectangular and the
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triangular airfolle spuroach this value at higner aspect ratios.
At : :

i< (36)

the leading edges of the triangular sirfoll are behlnd the ach
cone and the drag due to 1ift is reduced somewhat because of
the-suction on the leading edge. However, the reslly favor-

— —able values of Cpy/CL® are obtained only with the swept-back

wings of relatively high aspect ratio. The fect that the
values for the flat pointed winge agrée with those for the
" cambered, untapered sirfoilsg ghown on figure 9 is an indi-
cation that the drag due to 1ift is 3rimarily e function of
sweepback and aspect ratio. .

REBULTES- -

The totsl drag of  the sunersonic aircraft can now be
estimated by adding up the components thus -far conegldered
with an allowance for the friction drag of the wing and a
smell allowance for the tail surfaces.

Since the lift-drag ratio Incresses wWitlt imcreasing slen-—
derneaes of the wing, 1t is necessary to esteblish some standard
-——of slenderness to obtain comparative vslues, A.rough measure
of the structural stiffness of a wing: is the maximum spar |
depth at the wing root divided. by the distance, messurcd along
the spar, to the centroid.of ares of the winy' A velue of
—I/15 seems to be about the limit of presént-day Gonstruction.

— e Alrplane with Constant Chord Swept-back Wing _
Figure 1l shows lift-drag ratios obtazinable at i = 1. 4 8.6
a function of m with a configuration -embodying the constant
- chord, uniform 1lift airfoil and a. type I body of 15 to 1 fine-
ness ratio. An allowance of GCDp= 0,006 was made for the

friction drag on the wing and .a value equal to 10 percent of the
wing drag was allotted to the vertical taill. No horizontal o
tell is shown, since it ie not clear that asuch a tail would be '
recuired with this configuration. The frontal area of the body
wes aesumed to be 4 percent of the wing area. The drag and 1irt
of the wing were assumed %o csrry acrogs the center sections.
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without being modified by the w»resence of the bodye.

The airfoil shape is obtsined by superimosing a nara-
bolic arc thickness distribution udon.a cembered and twisted
gurface derigned, as discussed earlier, tc suvacrt a uniforn
load. The varidh in sweepback, or .m, 1in thie case was
sasgeumed to be obtained by rokating the wing Danels wiTacut
changing their length-width ratio, hence the asgvect ratioc

. Vvaries with eweep as shown. The wing in the unswept poesition
would have an asvect ratio of 12. Ir The-ratio of the root
thickness to the snar lengtnh from the root sectlion to the.
centrold of the wing panel ls 1/15, the thicxness—chord ratio
of the unewent wing rould be 0.2. The rfzme wing roteted
through 60° {m = 0.577) hae an es3ect ratioc of 3 =nd a t/e
(¢ measured warallel %o the streaxr) of O.1.

© The celculations for the uniformly lodfed vings shoW
higher 1i1ift—@rag matioe for stlli higher aecmect retlos and
greater thicknese—chord ratios, but 1t is doubtful that the
calculations based on the theory of small éisturbesntés spply
in these cages.

Because of the higher sspect ratlior atitainable vith a
Sapered wing it is found that there configurations are more
efficlent then the constant chord wings, and therefore they
will be discuessed in somevhat greater cetaill.

Alrplane with Tevered Ying

Figure 15 shows the 1lift-drag ratioe obbtainable at M = 1.l
‘with the flat »ointed wing. The proaortions of fugelage and
t2il are the same as in the Dreceding case, and the =ame value
of Cpr was used. The calculatione vere made assuming double-
wedge sectioneg (as in flg. 2), but an ao>»roximate correction
factor of #/Z wae inserted into the thiclmness drag to take
account of the greater average slooe of the biconvex profile.
The quantity L/3 is the ratio of the wave Srag” of.the bilconvex
section to that of the dovble~wedge rection ln tro-dimensional
flow. The maximum wing thickhess in each case is again 1/15
the distance from the wing root to the centrold of area of the
half wing. The varletion of t/c (etreamwirce) ie -shown in
Tigure 15. Since the trailing-elge .angle is fixed on the Mach
line, the aspect ratio increasee indefinitely as m aponroaches
1, according %o eguatlion (31)}. The opntimum 1ift coefficient
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calculated by equation (10), is also shown in figure 15.

o - ~Fifgure 16 shows the variation of (L/D)pax with m at

different Mach numbers. It is noted that the optimum value of m
ig different for different Mach numbers; there appears to be

no fixed relatlion between the aweepback angle and the Mach

angle. Ewvidently rslatively greater sueepbaci angles eghould

be umed at smaller Mach numbers. The optimum values of m will,
of course, be influenced by the magnitude of the friction draz.

DISCUSSION OF RESULTS

Effect of Plan Form .

Figure 17 ghows the 1ift-drag ratios replotted against
aspect ratio and commared with valuee estimated for a straight
-wing-body combination. It will he noted thet un to ¥ = 2 the
swept-back wing|le much more efficient than the straigﬁt wing.
The difference 1lg esmaller st the higher Mach numbers, however,

-——and the adventages of sweepback at very high Mach numbers may

R —be duestioned. In each case the efficiency diminisqee with Mach

number.

Although the configurations shown in figures 14 and 15
appear from the calculstions to give .the best 1ift- drag revios,

""" 1% 1s not to be assumed that there conflgureatione are ectually

the most suiteble for Dractical use. In vractlice the wing muet

“camber or twist to avoid the high concentration of loed near
~the tips. Aleo, as hse.Been previously remarked, the location
of the trailing edge on, rether then behind, the "Kacnh lines
vag chlefly a comoutetional device. It ir probable thet a
greater sweep of the tralling edge.would be deeirable.

Such modifications will of course cause chengee in the
l1ift-drag retio. However, 1t ie believed that the hichegt 1ift-
drag values ghown can’ aectually be aporoached with nrectlcal
configurations. The theoretical values of- Op; /CL® Tfor the
wing with ite trailing edge along the Mach cone are eomewhat
more favorable than the values to be expected with a wing
having ite trailing edge behind the Mach cone. On $he other
hand.,, the location of the trailing edge along thée Mach line is
unfavorable from the standpoint of thickneee drag, as ghovn by
figure 2. Hence the net effect.of tralling-edge 1ocation on
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(L/D)max 1s not expected to be very pronounced. The benefi-—
clal effects of btapering the wing indicated by figure 17 may
als% be assumed to hold gqualitatively for mére moderate degrees
of taper. . L o .

Airfoil Seection’

_ No attempt was made in the analysis $¢ find an optimum
airfoil profile. The section assumed for the calculetions
hes a parebolic thickness digtribution. In practice, as
breviocuegly mentioned, it would be necessary to round or .
camber the leading edge to achleve the predicted velues of
Cpsi/CL2. It might also be advantageous to use (with the
Ttapered plan form? a cusped trailing edge. Thig device would
enable the designer to take sdvantage of the high 1ift to be
obtained by placing the tralling edge along the Mech lines,
while effectlively giving the thickness distribution a greater
angle of sweep and thus everting the large wove dreg which
ariges when the generators of the thickness distribution are
too near the Mach lines. . : -

" Friction Drag

The allowance of 0.006 made for the friction dreg coeffi-
clent of the wing corresponds to o turbulent boundery layer
at & Reynolds number of 107. The assumptlon of turbulent
friction for both wing ond fuselasge is believed to be
congervative; glnce there are indications thet large areas of
laminar flow cen be achieved ot supersonic speeds. The
importence of mainteining laminsar flow or otherwise reducing
the frictlon can be seen from the megnitudes of the various
drag components with the best configuretion (fig. 15, m = 0.5)
at a Mach number of 1l.4. -The various components are showm
in the followihg taoble: . - :

(1) Thickness drag ofuﬁiggé%fﬁ;a—it0.0oﬂléﬁ

(2) Friction drag of wing 0068 -— .
(3) Thickness drag of body .0026.
(4) Friction dreg of body . 0036
(5) Drag of vertical tail . - <0010
Totel drag at zero 1ift: Cpy = - . ,0L67«

Dreg due to 1ift Cpy = .0l67€ —
Total drag O. '

Friction dxrag (2) + () 0.00396
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:Note that the friction drag 1s more then 50 percent of the
total drag at zeroc 1ift. In this case the maximum 1ift—-drag _
ratlo 1le 10.7; with completely lominar Flow the ratioc would
increase to about 15. -

Optimum Wing Loading snd Altitude

The analysis indicates thet reangonably good aerodynamic
efficiencies are .obtaineble . up to Mach numbers of 1.5." At
M= 1.4 the best configuration studied should operate near =
_11ft coefficilent of 0.35. From edquation (5), the wing loading
“for this case works out to be about one-half the ctmospheric
Presgures: This pressure disturbarnce can no longer be  considered
small and the question arises as to whetheér the ilinearized
theory can be considered applicable in this case. No nccurnte
anslysis of this limitation cen be given at present. However,
an approxlmate criterion can be deduced by compnring the flow
over the swept-back wing with the two-dimensional subsonlc flow
over a wWing sectlon at the gome component Mach number as
suggested in reference 2. When this comparison is made for
conflgurations near the optimum in figure 15 it 1s found that
the wing sections ore operating beyond their critical rch
numbers ot the indicated optimum 1ift coefficient. Thus it
'nppears thnt the optimum 1ift coefficient will acturlly be
smaller thon is indic~ted by the linearized theory. TFor the
best conflguration at ¥ = 1.4, it ~pperre thnt tac optimum
1lift cecfficient may be nesrer Q.25 thon the 0.357 indicoted
by figure 15. In this case the L/Dpnx wWill be diminished
from 10.7 to 10, and the optimum wing loading from one-~half to
approximately one—third atmoapheric pressure. A% sean level
the wing loading reguired would .be 700 pounds per asquare foot,
.but for operrtion.at 60,000 feet the much more rensoncble figure
of 50 pounds per square foot is obinlned. A% this altitude the
true alrspeed 1is 900 miles per hour' and the indicnted nirspeed
290 mileg per hour. _ _

Ames Aeronnuticel Loboratory, :
Natlonal Advisory Committee for Aeronsutics,
Koffett Fileld, Calif.; May 19uL7. :

-
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M

CL

Cp

Coo
Cbg
Cps

Coe

APPENBIX
SYHBOLS
flight velocity
velocity at sea level
air density
density et sea level
atmospheric pressure
thrust .
welght
1ift
drag .
Mach number (X

a
veloclty of sound

i t L -
1ift coefficient (E7E—VE§)
wing area
ratio of swmecific heata (v = 1.4 for air)
3\
V=25 /
drag coefficient at zero 1ift

drag coefficient ( D
' P

coefficient of drag due to thickness
coefficient of drag due to 1ifs

friction dreag coefficient
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agnect ratio _ _
wing span (pervenficular to direction of flight)

coordinate along Sirection of flight

parameter indlicating relative slone of wing leading edge

( _ Cotengent leading-edge angle )
T cotangent sween angle oI Mach .Lines

thicixness of wing at midchord
swing chord

length of fuselage T
radiug of fuselage

maximum radiue

maximum Siameter of fuselage. (d = 2r,)

emall verticel velocity disturbence

gmall horizontal veloclty disturbance

lateral (epanwise) coordinate

X -my X' = x +-.my

Yy - mx ¥'=y+ mx

vertical coordinste of wing camber line

angle of attack .

complete ellintic integral of the second kind

ratio of l1ift-curve eiope of trisngular =2irfoll to
that of the tepered alrfoll
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